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Abstract-A pair (A, B), where A is an n x n matrix and B is an n x m matrix, is said to 
have the nonnegative integers sequence {rj}T=r as the r-numbers sequence if ri = rank(B) and 
rj=rank[B AB Aj-lB] -rank[B AB . . . AjPaB], 2 5 j 5 p. Given a partial upper 
triangular matrix A of size n x n in upper canonical form and an n x m matrix B, we develop an 
algorithm that obtains a completion A, of A, such that the pair (A,, B) has an r-numbers sequence 
prescribed under some restrictions. @ 2002 Elsevier Science Ltd. All rights reserved. 
1. INTRODUCTION 
A partial matrix is a matrix in which some entries are specified and others are not. A comple- 
tion A, of a partial matrix A is the matrix resulting from a particular choice of values for the 
unspecified entries. If the unspecified entries are replaced by OS, we have the completion Ao. A 
partial matrix A = [aij] such that aij, i 5 j, are the specified elements is called partial upper 
triangular matrix. The n x n partial upper triangular matrices, A and B, are called lower similar 
if there exists a lower triangular matrix 5’ such that B = S-lAS. 
We extend the concept of upper canonical form given by Gohberg and Rubinstein in [l] to 
partial matrices: a partial upper triangular matrix A of size n x n is in upper canonical form if, 
when n is even, n = 2p, 
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and if n is odd, n = 2p+ 1, 
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If a partial upper triangular matrix A of size n x n satisfies the conditions given in Theorem 1.1 
(see [l]), then A * 1 is ower similar to an upper canonical form. 
Given a matrix A of size n x n and a matrix B of size n x m, matrix 
C(A,B)= [B AB A2B ... A”-‘B] 
is called the controllability matria: of pair (A, B). Denote 
C,(A,B)= [B AB A2B ... AP-‘B], p=1,2 ,..., n. 
Recall that a pair (A, B), where A is an n x n matrix and B is an n x m matrix, has the 
nonnegative integers sequence {rj}y=i as the r-numbers sequence if 
ri = rank(B) = rank(Ci(A, B)), 
rj =rank[B AB ... AJ-‘B]-rank[B AB ... Aje2B] 
= rank(Cj(A, B)) - rank(C,.-i(A, B)), 25j<n. 
Note that rj 1 rj+r, J’ = 1,2,. . . , n, and some of them can be zero. If {rj}j"=l is the r-numbers 
sequence of pair (A, B), the conjugate partition of it yields the controllability indices sequence of 
this pair. Both are feedback invariant. 
Given a matrix B of size n x m with only ri nonzero rows, these rows being linearly independent, 
it is always possible to find a regular matrix P such that BP = [ eit ei, . . . ei,.l 0 . . . 01, where ei, , 
1 = 1,2 ,..., q, are unit vectors, with ii < i2 < . . . < i,, . Since pair (A, B) is similar by 
feedback to pair (A, BP), we can assume, without loss of generality, that matrix B has the form 
B = [ei, eiz ... ei,l 1. 
In this paper, we study the following problem. 
PROBLEM 1. Let A be an n x n partial upper triangular matrix in upper canonical form, and 
B = [ ei, eis . e + ei_ 1, with ii < iz < a+. < i,, 5 [(n + 1)/2]. Let {ri}~+ be a nonnegative 
integer sequence such that Cf=‘=, ri 5 n. Is there a completion A, of A such that {ri}fz)=l is the 
r-numbers sequence of pair (A,, B)? 
2. THE RESULTS 
We say that nonnull row i is a first-time used row in Ck+l(Acr B) if it is null in &(A,, B) and 
nonnull in Ck+i (A,, B), k = 1,2, . . . , n. This allows us to assure that, at least, one of the columns 
of block AkB is linear independent to the columns of &(A,, B). The value n + 1 - i is called 
complement of i, i = 1,2,. . . , n, and it is denoted by a. 
In order to obtain a completion A, of A such that pair (A,, B) has {ri}~=, as r-numbers 
sequence, we replace the OS of some positions (i, j), i > j, of A0 by 1s. 
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The following diagram, with p levels, will help us to understand the process. We represent at 
level Ic the indices of the first-time used rows in Ck(A,, B), k = 1,2, . . . , p. 
il i2 . . . ij . . . ik . . . i,, 
1 1 1 1 
ii i; . . , ii . . . i; 
1 1 1 
iy iQ . . . iy 
In general, if indices i, j, with i at level h and j at the h + 1 level, are connected with a 
down-arrow, it means that if j > i, we have replaced the 0 in position (j,i) of A,-, by 1, and if 
j < i, then j = ? (note that in position (5, i) of A0 there is a 1). We point out that the number 
of indices at each level gives the different r-numbers, while the number of indices of each column 
are the controllability indices of pair (A,, B). 
Now, we analyze the behaviour of Tkej, when T is A0 or the matrix obtained from A0 by 
replacing some elements under main diagonal by 1s and ej, ii 5 j 5 i,, is a column of matrix B. 
We distinguish the following cases. 
CASE (i). n IS EVEN. 
(a) If T = Ao, rank[ ej ] = rank[ ej Tej ] = rank[ ej Tej T(Tej) ] = . . = 1, then column T”e,, 
k = 0, 1, . . ,p - 1, does not contribute anything to r-numbers ~2,. . . , rp. Graphically, 
index j at the first level does not have a child at the level below. 
(b) If we replace the 0 of position (5, j) of Ao by 1, we have Tej = ajjej +ej, then rank[ e3 Tej ] 
= 2 and the row j is a first-time used row in C2(T, B) contributing to rz with a unit. In 
addition, 
T(Te,) = ajjTej + Tej = ajJ (aj,ej + es) + ej, 
and therefore, rank[ ej Te, T2ej ] = 2. Graphically, j is a child (at the second level) of 
index j of the first level, and it does not have a child; therefore, it does not contribute 
anything to r-numbers ~3, . . . , rp. 
(c) Let h be an index such that h < j. If in column j of A0 we replace by 1 the 0 of row h, 
Tej = ajjej + eh, then rank[ e3 Tej ] = 2 and row 71 is a first-time used row at C2(T, B), 
increasing a unit the r-number rz. In addition 
T(Tej) = ajjTej + Teh = ajJ (ajjej + eh) + eh; 
therefore, rank[ ej Tej T2ej ] = 3 and row h is a first-time used row in Cs(T, B), increasing 
a unit rg. Graphically, index j of first level has a child h at the second level, that also has 
a child h at level three. 
(d) Let h be an index such that h > j. If in column j of A0 we replace the 0 of row h by 1, 
we have Tej = ajjej + eh, then rank[ej Tej] = 2 and row h is a first-time used row at 
C2(T, B), contributing to r2 with a unit. Graphically, index j of first level has a child h 
at level two. 
Therefore, we classify first level indices ir, i2, . , i,, in three sets: {iI,. . . , ir,}, {&+I, , ir,}, 
and {&+I, . . , i,, }. Columns of A0 corresponding to indices of the third set are not modified, and 
therefore, we obtain what we describe in (a). In each column ij of Ao, with j E {rg + 1;. . . ,~a}, 
we replace by 1 the 0 of row Tj. Now we have what we commented in (b). Finally, let i, be an 
index of {i 1, . . , ir,}. If there exist nonused rows with index less than ij, we choose the lowest of 
them, h, and replace the 0 in position (fi, ij) of A0 by 1. Otherwise, we choose the first nonused 
row greater than ij, h, and replace the 0 in position (h, i3) of A0 by 1. Thus, we obtain what we 
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describe in (c) or (d), respectively. At the end of this step, we have reached the desired r2 and 
part (or maybe all) rs. Graphically, 
ii i2 “’ ij "' ih "' il, "' i,, &+I "' i,, &+I '*' i,, 
11 1 1 1 1 I 1 
ii ih . . . is . . . i; . . . i; . . . i:, 
7 : 
b,+1 ... % 
1 1 1 
if, . . . i’h ii 
Note that there are not nonused rows with indices less than those of the third level and of those 
without children of the second level in {ii,. . . , i,,}. Then to obtain the remaining r-numbers, 
we choose, for each one of these indices, j, the first nonused row greater than j, and we repeat 
the process commented before. In order to structure the described method in an algorithm, we 
introduce two procedures which formalize the process applied to the indices {ii, . . . , i,.,}. In them 
we use lineal structures of dates such that the elements are introduced by the last end and taken 
out by the head end. They are known as queues or structures FIFO. 
To put in and take out elements of a queue is done by the following operations: 
- Queue(f, Q) E to put element f in queue Q, 
- Unqueue(f, Q) E to take out the first element of queue Q. 
From now on we use the following notation: 
l S z set where we save the positions of Ao that we will replace by 1s at the end of the 
process, 
l F, E set of used rows, 
0 Ni = queue structure, set of elements of level i, 
l Ri E queue structure, set of elements of level i that does not have children. 
The mentioned procedures are as follows. 
PROCEDURE 1. (f, S, F,, Ni+l, Ni+2, Ri+2). (* To go buck *) 
fb 3 the lowest nonused row before to f, such that fb > f. 
s - s u {(fb, f)), 
Fu - Fu U {fb, fb}r 
Ni+l -Ni+lU {fb), 
&+2 - Ni+Zu {fb), 
-&+2 +- J&+2 U {fb}. 
PROCEDURE 2. (f,S,F,,Ni+l,Ri+l). (* To go ahead*) 
fa 3 first nonused row greater than f, 
s - su {(fa,fh 
Fu - Fu u {fah 
Ni+l -Ni+lU {fa}, 
&+I - &+I U {fa}. 
ALGORITHM 1. 
A, n x n, partial upper triangular matrix in upper canonical form, n even, 
B = [ ei, ei, . . . ei_ 1, il < . . . < i,, 5 n/2, 
{rl,r2,... , rP} nonincreasing sequence of nonnegative integers. 
INITIALIZATION 
s - 0, 
F, - {il,.e. ,ir,), 
NI - {ill i2,. . . , i,, 1, 
Nit0,i=2,3 ,..., p, 
RI - {il,... ,G,}, 
Ri - 0, i = 2,3 ,..., p, 
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STEP I 
Fork=rs+l,...,rz 
S - S u {(ikr ik)}, 
Fu - Fu U {ik}, 
N2 - N2 U {Ek}, 
RI - {i~,.e. ,&,iTZ + l,... ,i,,}, 
STEP 2 
Fori=1,2 ,..., p-l, 
Fork= 1,2,... , Q+I - card(X+l) 
UnWeue(fk7 &I, 
If there exists h such that h # F, and h < fk, 
Procedure l(fk,s,FZL,NZ+l,Ni+~rRi+2) 
Else Procedure 2(fk, S, F,, Ni+i, Ri+l) 
STEP 3 
Replace by 1s the OS of A0 corresponding to positions of S. 
This algorithm yields a constructive proof of the following result. 
THEOREM 2.1. Let A be a partial upper triangular matrix in upper canonical form, of size 
n x n, n even. Let B = [ ei, ei, . . . ei,.l ] be a matrix where il < . . . < i,, 5 n/2, and {rk}i=i 
a nonincreasing sequence of nonnegative integers such that cy=, ri < n. Then there exists a 
completion A, of A such that {Tk}gZl is the r-numbers sequence of pair (A,, B). 
EXAMPLE 1. Let A be a matrix of size 30 x 30 as we have described in the above theorem. Let 
B = [ el e5 es e14 els] be a matrix of size 30 x 5. We are going to obtain a completion A, of A 
such that {5,5,4,3,3,2,1} is the r-numbers sequence of pair (A,, B). 
After the first step of algorithm, we have 
1 5 9 14 15 
1 S = {(16,15)}. 
16 
Applying Procedure 1 or 2 to the rest of indices, we have 
1 5 9 14 15 
1 1 1 1 1 
2 28 27 25 16 S = {(2,1), (28,5), (27,9), (25,14), (16,15)). 
1 I I 
3 4 6 
From now applying Procedure 2 until the desired r-numbers are obtained, gives 
1 5 9 14 15 
1 1 1 1 1 
2 28 27 25 16 
1 1 1 1 
7 3 4 6 
1 1 1 
8 10 11 
1 1 1 
12 13 17 
1 1 
18 19 
. 
s = ((2, I), (28,5), (27,9), (25,14), (16,15), (7,2), 
(8,7), (l&3), (11,4), (12,8), (13,10), (17, II), 
(18,12), (19,13), (2% 18)). 
20 
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Replacing by 1s the OS of Ao corresponding to positions of S, we get a completion A, of A such 
that pair (A,, B) has the given r-numbers, which have been mentioned above, and {7,6,5,3,2} 
controllability indices sequence. 
CASE (ii). n IS ODD. 
In this case, we can obtain an analogous result to Theorem 2.1, except for the case described 
in the following lemma. 
LEMMA 2.1. Let A be a partial upper triangular matrix in upper canonical form, of size n x n, 
with n odd, and let B = [e, ei+l . . . e[(,+l)/2]] beamatrixofsizenx([(n+1)/2]-(i-1)). There 
is not a completion A, of A such that the pair (A,, B) has {[(n + 1)/2] + 1 -i, [(n + 1)/2] + 1 - i} 
as r-numbers sequence. 
PROOF. Let r1 = [(n + 1)/2] + 1 -i be the first r-number. The set of used rows, until now, is F = 
{i,i+1,..., [(n+1)/2]}. Inordertoobtainrg=O,givencolumnh,h~{i,i+l,...,[(n+1)/2]}, 
we must replace by 1 the 0 of Ao which is in position (ji, i), ji E {i,i+l, . . . , [(n + 1)/2]} - F 
and we add ji to F. Since [(n + 1)/2] = [(n + 1)/2] we cannot obtain r2 = rl. I 
In any other case, there exists the desired completion. Specifically, note the following. 
(a) If [(n + 1)/2] E {i1,i2,. . . , ir,} and r2 < r1, or [(n + 1)/2] # {i1,iz,. . . , i,.,}, the situation 
is analogous to the even case and then we can apply Algorithm 1. 
(b) If [(n + I)/21 E {i1,&. . . , iTI}, r2 = r1 and rs > 0, the following changes in Algorithm 1 
allow us to obtain the solution. 
(bl) In Step 1, we must put “For k = rg, . . . , r:! - 1” instead of “For k = r3 + 1,. . . , r2”. 
(b2) In Step 2, for i = 1, index k takes values in (1,. . . , r2 - card(K) - 1) U {[(n + 1)/2]}, 
instead of { 1,. . . , r2 - card(N2)). 
(c) if [(n + I)/21 E {i1,i2, . . . , i,, }, r2 = rl, rg = 0 and the indices of B are nonconsecutive, 
the following algorithm gives the solution. 
ALGORITHM 2. 
A, n x n, partial upper triangular matrix in upper canonical form, n odd, 
B = [ eil eiz . . . ei,,l 1, il, . . . , i,, = [(n + 1)/2], nonconsecutive indices, 
{rl,r2,..., rP} nonincreasing sequence of nonnegative integers. 
INITIALIZATION 
s - 0, 
~u{~l,-~ ,G,I, 
I.*. ,G,), 
ko +- first indexof {1,2,... ,r1} such that iko+l - ik,, > 1, 
STEP 1 
S-SU{(5~,,i,,),(ilco+1,iko)}, 
1 - 1 - {Co, i,, ), 
Rename the indices of I, 
. I= {j1,.?2;** ,.&-21, 
STEP 2 
Fork=1,2,...,r1-2 
S - S u {(?lc,jk)), 
STEP 3 
Replace by 1s the OS of A0 corresponding to positions of S. 
EXAMPLE 2. Let A be a matrix of size 21 x 21 as we have described in Theorem 2.1 and 
B = [ e3 e4 e7 es elo ell ] a matrix of size 21 x 6. We are going to obtain a completion A, 
of A such that {6,6} is the r-numbers sequence of pair (A,, B). 
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After the first step of Algorithm 2, we have 
3 4 7 9 10 11 
1 1 S = ((18, ll), (534)). 
5 18 
By applying Step 2 to the remaining indices of first level, we obtain 
3 4 7 9 10 11 
1 1 1 1 1 1 S = {(l&11), (5141, (19,3), (15,7), (13,9), (12,101). 
19 5 15 13 12 18 
Replacing the OS of A0 corresponding to positions of S by 1s we obtain a completion A, of A 
such that {6,6} is the r-numbers sequence of pair (A,, B) and {2,2,2,2,2,2} its controllability 
indices sequence. 
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